Abstract. We show that every 2-degenerate graph with maximum degree ∆ has a strong edgecoloring with at most 8∆ − 4 colors.
Theorem 1.2. (Chang and Narayanan, [2] ) Let G be a 2-degenerate graph with maximum degree ∆ > 0. Let B = {1, 2, · · · , 5∆ − 5} and B ′ = {1 ′ , 2 ′ , · · · , (5∆ − 5) ′ }. Then G has a strong edgecoloring with colors from B ∪ B ′ so that (a) Every pendant edge (if any) is colored with a color in B; (b) If a pendant edge is colored with a color c ∈ B, then no edge within distance 1 to the edge is colored with c ′ .
In this note, we prove a stronger result with a better upper bound. The induction in our proof is similar to their proof, except that we add an extra condition (3) . This extra condition helps fix a gap in their proof (in the third paragraph on Page 5 in [2] , if some edge incident to v has color c ′ , then the priming process fails as one cannot color ww ′ with c ′ ). Also in our proof, instead of considering a subgraph by deleting one edge from G, we delete a bunch of edges and try to color those deleted edges one by one, and this helps us improve the upper bound. Theorem 1.3. Let G be a 2-degenerate graph with maximum degree at most ∆.
Then G has a strong edge-coloring with colors from B ∪ B ′ so that (1) Every pendant edge is colored with a color in B; (2) If a pendant edge is colored with a color c ∈ B, then no edge within distance 1 to the edge is colored with c ′ ; (3) No pair of colors {c, c ′ } appears at the same vertex.
As a corollary, every 2-degenerate graph with maximum degree ∆ has strong chromatic index at most 8∆ − 4.
Proof of Theorem 1.3
In this section, we prove Theorem 1.3. We will use the following notion. 
If f is a strong edge coloring of G (or its subgraph), then we use C f (v) to denote the set of colors of the edges incident with v ∈ V (G).
First of all, we quote the following lemma on 2-degenerated graphs.
Then G has a vertex v with degree at least 3 that has at most two 3 + -neighbors.
Proposition 2.2. Let uv be a pendant edge in G with d(u) = 1. If f is an edge-coloring of G with properties in Theorem 1.3 so that f (uv) = c, then the coloring g, which differs from f only on uv with g(uv) = c ′ , is a strong edge-coloring which satisfies (2) and (3) but violates (1) (only) at the pendant edge uv.
Proof. It is clear that uv is the only pendant edge colored with a color in
and c, c ′ do not appear on the edges incident with v (except uv) in f thus also in g. So g satisfies (2) and (3).
Proof of Theorem 1.3. Let G be a smallest counterexample to Theorem 1.3. That is, G is a 2-degenerate graph with maximum degree at most ∆ and very proper subgraph of G has a desired strong edge coloring. By Lemma 2.1, let v be a vertex adjacent to at most two 3 + -vertices.
Therefore let f (vv 1 ) = c, where c ∈ B −((A∩B)∪(A∩B ′ ) ′ ). As c, c ′ ∈ A, f is a strong edge-coloring of G.
To see a contradiction, we now show that f satisfies (1)-(3). Since f (vv 1 ) = c ∈ B, Property (1) is met. Since c ∈ A ∩ B and c ∈ (A ∩ B ′ ) ′ , c ∈ A ∩ B and c ′ ∈ A ∩ B ′ , that is, c ∈ A. Therefore, Properties (2) and (3) are met.
By Claim 2.3, for each
Then G 1 has a desired strong edge-coloring f . As v i u i is a pendant edge in G 1 , it is colored with a color in B.
We now consider a new edge-coloring g of G which may only differ from f on edges
By Proposition 2.2, g is a strong edge-coloring of G 1 which satisfies (2) and (3). We are going to color the edge vv i one by one with available colors in B. As the edges v i u i are not pendent edges in G, (1) is not violated in the new coloring. Note that the more edges vv i are colored, the less choices for the remaining uncolored edges, so we only need to consider when only one edge (say vv 1 ) is yet to color. We still use g to denote the strong edge-coloring of G − vv 1 which is an extension of the coloring g of G 1 .
Let
Note that by the construction of g, g(vv i ) ∈ B for each i = 2, 3, · · · , d and furthermore g(v i u i ) = c ∈ B if and only if c ′ ∈ S, thus if and only if c ∈ S ′ . Let
pick one color t ∈ B \ Ω and let g(vv 1 ) = t, so we obtain an edge-coloring of G. By the choice of t, g(vv 1 ) = t = g(v 1 u 1 ) and no edge within distance 1 to vv 1 is colored with t except those on v i u i with i ≥ 2. But if v i u i = t for some i ≥ 2, then t ′ ∈ {f (vu), f (vw)}, so t ∈ Ω, a contradiction. Therefore g is a strong edge-coloring of G. Lastly, we show that g satisfies Properties (1)- (3). Since none of v 1 u 1 and vv 1 are pendant edges in G, (1) and (2) are satisfied. So we just need to show that g(v 1 u 1 ) = t ′ and t ′ ∈ C g (v). If there is an edge incident with v 1 or v is colored with t ′ , then e ∈ {v 1 u 1 , vw, vu} since g(vv i ) ∈ B for each i = 2, 3 · · · . Hence f (e) = t ′ ∈ S and thus t = S ′ ⊆ Ω, a contradiction. Therefore (3) is met. This finishes the proof of Theorem 1.3.
Final remarks
In [2] , they also studied the strong chromatic index of a chordless graph G and showed that χ ′ s (G) ≤ 8∆ − 8. Their proof is very similar to the one for 2-degenerate graphs, thus also has a similar gap. We can improve their result to the following So if a chordless G has maximum degree ∆, then χ ′ s (G) ≤ 6∆ − 2. The proof is very similar to that of Theorem 1.3, so we omit it here.
We do not believe that the bounds in this note are optimal. Let G be the graph consisting of a triangle with D − 2 leaves on each of the vertices on the triangle. Then ∆(G) = D and χ ′ s (G) = 3∆ − 3, but G is 2-degenerate and chordless. So χ ′ s (G) ≥ 3∆ − 3 for any 2-degenerate or chordless graph G with maximum degree ∆.
